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Abstract
The potential energy at the surface of materials, like graphene, might
be able to trap atoms and molecules. In order to probe this possibility, the theoretical foundations of Density Functional Theory are studied,
and the need for numerical calculations is understood. Iterative methods
to solve numerical calculations are presented. Quantum ESPRESSO, a
Linux package used for numerical calculations is examined, and its important features are explained. Simple simulations involving Aluminium, and
Silicon are carried out. The accuracy of quantum ESPRESSO is verified
using the Hydrogen molecule, for which we have the analytical solution.
Four different attempts at modeling graphene are then presented. The
system of a single hydrogen molecule and a graphene sheet, is then studied. Finally, the notion of accuracy in numerical calculations is analyzed
in light of the simulations that have been run.
Keywords: Density Functional Theory, Quantum ESPRESSO, iterative methods
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1

Introduction

The motivation behind this research is to probe the possibility of being able to
trap atoms on the surface of materials like graphene, by studying the potential
at their surfaces. In order to do this, computational methods will have to be
employed to get an idea of what the potentials look like. In particular, Density Functional Theory (DTF), a computational quantum mechanical modeling
method will be explored and examined.
DFT is a highly successful approach to deal with the quantum mechanical
behavior of atoms and molecules using the Schrödinger equation. From the late
eighties and early nineties, DFT has enjoyed enormous popularity among computational physicists and chemists around the world [1]. As the figure below
indicates, there are thousands of research papers that use DFT today. The importance of DFT cannot be over-emphasized.

Figure: Number of papers with DFT related keywords.
Source: ISI Web of Knowledge
This thesis has six sections after this introduction. Section 2, will lay out
the basic theoretical foundations of Density Functional Theory. It should be
noted that this is not meant as a comprehensive introduction, but as a brief
look at some of the essential ideas. It turns out that DFT requires numerical
calculations, which will be performed using iterative techniques. The general
schematic for this iterative technique, as well as some related concepts will be
explored in section 3.
Section 4 is a quick introduction to Quantum ESPRESSO (QE), a Linux
based package that helps perform the aforementioned calculations. Screenshots
will be provided to make the section as clear as possible. Section 5 runs various
simulations on QE, as well as checks some of the results obtained against empirical data already available.
Differences between the data and the empirical results prompts a brief inquiry into the origin of these differences, as well as their extent. This is done in
section 6. Section 7 is a summary and conclusion.
4

Before we begin, there are three points to take note of. The first is atomic
units are used when talking about DFT [2][3], and so that convention is followed
here. The table below gives more details about this system.

Figure: Atomic Units
Second, although I will discuss the programs used to implement numerical
calculations, there will be no discussion of how these are installed, or concerning
their trouble-shooting. There are accessible guides online, and I will point out
these websites wherever necessary.
Third, the chief aim of this work is to gain an understanding of DFT as well
as its application in solving for properties of physical systems. As I will explain
in section 6, I will not be overly concerned with the precise values obtained
in the simulations- what is important is that we understand how they work.
Since this is still a developing field, imprecise simulations do not pose a major
problem. If there are shortcomings with the current programs, all that is called
for is more work on the program.
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2

Density Functional Theory

2.1

The Schrödinger Equation

It would not be a unreasonable to consider the ultimate problem of quantum
mechanical projects to be to find a solution (or at least an approximate solution)
to the Schrödinger equation. If Ĥ is the Hamilton operator for a molecular
system with M nuclei and N electrons, we can write the Schrödinger equation
as:
~ 1, R
~ 2 , ..., R
~ M ) = Ei Ψi (~x1 , ~x2 , ..., ~xN , R
~ 1, R
~ 2 , ..., R
~ M ) (1)
ĤΨi (~x1 , ~x2 , ..., ~xN , R
where Ĥ can be written as
Ĥ = −

N
M
N X
M
N N
M X
M
X
X
1X 2 1X 1
ZA X X 1
ZA ZB
∇i −
∇2A −
+
+
2 i=1
2
MA
r
r
RAB
iA
i=1
i=1 j>i ij
A=1

A=1

A=1 B>A

(2)
In equation (2), the first two terms represent the kinetic energy of electrons
and the nuclei respectively, while the other three terms represent the potential
energies in the system, namely, between the electrons and the nuclei, between
the electrons, and between the nuclei respectively.
Since the nuclei are a lot more massive than the electrons, one way to simplify
calculations is to assume that the nuclei have fixed positions, while the electrons
are moving in a field of fixed nuclei. This is known as the Born-Oppenheimer
approximation. The Hamiltonian from equation (2) reduces to:
Ĥelec = −

N
N M
N N
1 X 2 X X ZA X X 1
∇i −
+
= T̂ + V̂N e + V̂ee
2 i=1
riA i=1 j>i rij
i=1

(3)

A=1

The solution to Schrödinger’s equation with the above Hamiltonian is Ψelec ,
the electronic wave function, dependent on the coordinates of the electrons. The
positions of the nuclei are parameters, and do not appear explicitly in the wave
function. If the electronic energy is represented by Eelec , the total energy Etot is
M P
M
P
ZA ZB
the sum of Eelec and the constant nuclear contribution, Enuc =
RAB .
A=1 B>A

We can write this relation as:
Ĥelec Ψelec = Eelec Ψelec

(4)

Etot = Eelec + Enuc

(5)
2

The square of the wave function |Ψ(~x1 , ~x2 , ..., ~xN )| d~x1 d~x2 ...d~xN represents
the probability that the electrons are found in the various volume elements
(d~x1 , d~x2 , etc). As indicated in equation 6, integrating over all volume elements,
the probability of finding all N electrons anywhere in space must equal one
(assuming the wave function is normalized).
6

Z

Z
...

2.2

|Ψ(~x1 , ~x2 , ..., ~xN )|2 d~x1 d~x2 ...d~xN = 1

(6)

Electron Density

We can approximate Ψ(~x1 , ..., ~xN ) as a product of individual electron wave functions given by Ψ = Ψ1 (~x)Ψ2 (~x), ..., ΨN (~x). If there are N electrons, the full wave
function solution to the Schrödinger equation will have 3N dimensions (considering only the spacial dimensions. Including spin, there are 4N dimensions).
To illustrate why this might be a problem, consider a system of 100 Pt atoms
(where Pt has an atomic number of 78). The total number of dimensions to the
solution to Schrödinger’s equation is more than 23,000. Hence we begin to see
that solving the equation poses a significant practical problem. To make matters worse, the individual electronic wave function Ψi cannot be found without
considering all other electronic wave functions. This makes this a many body
problem.
These sorts of issues lead us to become interested in a quantity other than
wave function, namely electron density given by
Z Z
ρ(~r1 ) = N
|Ψ(~x1 , ~x2 , ..., ~xN )|2 ds1 d~x2 ...d~xN
(7)
where ρ(~r1 ) gives us the probability of finding one of the N electrons within
the volume element d~r1 with arbitrary spin (hence the ds1 in equation (7)),
while the other (N-1) electrons have arbitrary positions in the Ψ state. The
probability of finding an electron tapers off and falls to zero as we move to
infinity, which can be written as
ρ(~r → ∞) = 0

(8)

Since ρ(~r1 ) gives the probability of finding one electron, integrating over all
ρ(~ri ) gives us the total number of electrons.
Z
ρ(~r)d~r1 = N
(9)

2.3

The Hohenberg-Kohn Theorems

It is important to note that the electron density depends only on the three
spatial variables, instead of 4N variables like the wave function. This helps us
appreciate the appeal of Density Functional Theory- if we could somehow find a
way to replace the use of the wave function with the electron density, then our
calculations would get considerably simpler. This is precisely what happened
in a seminal 1964 paper by Hohenberg and Kohn, where they presented two
theorems which became the foundations on which DFT is built. I will now state
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the theorems as they appear in the original paper [7]. (Note that the Vext in
the theorems refer to VN e from equation 3, and represents the potential energy
due to the interaction between electrons and the fixed nuclei)
The First Hohenberg-Kohn Theorem: The external potential Vext (~r)
is (to within a constant) a unique functional of ρ(~r); since, in turn Vext (~r) fixes
Ĥ we see that the full many particle ground state is a unique functional of ρ(~r).
Proof : Hohenberg and Kohn provided a fairly simple proof for this theorem,
using reductio ad absurdum. We start off by assuming that there exist two
0
external potentials Vext and Vext
which give rise to the same electron density
ρ(~r). The corresponding Hamiltonians are given by Ĥ = T̂ + V̂ee + V̂ext and
0
Ĥ 0 = T̂ + V̂ee + V̂ext
, and we see that they only differ in their external potentials.
Since we have non-identical Hamiltonians, we will have different ground state
wave functions (call them Ψ and Ψ0 respectively), as well as different ground
state energies E0 and E00 . Finally, let both wave functions lead to the same
electron density ρ(~r). By the variational principle, we have
E0 < hΨ0 |Ĥ|Ψ0 i = hΨ0 |Ĥ 0 |Ψ0 i + hΨ0 |Ĥ − Ĥ 0 |Ψ0 i

(10)

Writing the Hamiltonians in terms of their individual terms, we get
0
E0 < E00 + hΨ0 |T̂ + V̂ee + V̂ext − T̂ − V̂ee − V̂ext
|Ψ0 i

(11)

which gives
E0 <

E00

Z
+

0
ρ(~r){V̂ext − V̂ext
}d~r

(12)

In a similar fashion, we interchange the primed and unprimed quantities
from equations (10) to (12) to get
Z
0
E00 < E0 − ρ(~r){V̂ext − V̂ext
}d~r
(13)
Adding equations (12) and (13),we get
E0 + E00 < E00 + E0 or 0 < 0

(14)

which is absurd. Hence, by reductio, we cannot have two different external potentials (which in turn fix the electron densities) that give the same
ground state energy. In order words, the electron density uniquely determines
the ground state energy. We can write this schematically as
ρ0 ⇒ {N, ZA , RA } ⇒ Ĥ ⇒ Ψ0 ⇒ E0 (and other properties)

(15)

Since the total energy is fixed by the electron density, so should its individual
components
E0 [ρ0 ] = T [ρ0 ] + Eee [ρ0 ] + EN e [ρ0 ]
(16)
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We can now split this into two parts- those depend on the system, and those
that are universal (in the sense that they are independent of N, RA ,and ZA ).
Z
ρ0 (~r)VN e d~r + T [ρ0 ] + Eee [ρ0 ]
(17)
|
|
{z
}
{z
}
system dependent

universally valid

We collect the system-independent portion into a functional FHK [ρ0 ], called
the Hohenberg-Kohn functional. Rewriting equation (17), we get
Z
E0 [ρ0 ] = ρ0 (~r)VN e d~r + FHK [ρ0 ]
(18)
where
FHK [ρ] = T [ρ] + Eee [ρ] = hΨ|T̂ + V̂ee |Ψi

(19)

At this point, we notice that although the first Hohenberg-Kohn theorem
showed that a functional of electron density can be used to obtain the ground
state energy, we still have no information about the functional. This is where
the second Hohenberg-Kohn theorem comes in. [1]
The Second Hohenberg-Kohn Theorem: FHK [ρ], the functional that delivers the ground state energy of the system, delivers the lowest energy if and
only if the input density is the true ground state density, ρ0
Writing this using the variational principle
E0 ≤ E[ρ̃] = T [ρ̃] + EN e [ρ̃] + Eee [ρ̃]

(20)

where ρ̃ represents a trial electron density,which gives an energy E,which is
greater than ground state energy E0
Z
hΨ̃|Ĥ|Ψ̃i = T [ρ̃] + Vee [ρ̃] + ρ̃(~r)Vext d~r = E[ρ̃] ≥ E0 [ρ0 ] = hΨ0 |Ĥ|Ψ0 i (21)
An alternative way to represent the second theorem is
E0 = min hΨ|T̂ + V̂N e + V̂ee |Ψi
Ψ→N

(22)

In equation (22), the Ψ → N represents the fact that we search over all allowed, antisymmetric N-electron wave functions, and the one that gives the lowest expectation value for energy (here the Hamiltonian operator) is the ground
state wave function.

2.4

The Kohn-Sham Approach and Equations

In 1965, a year after the Hohenberg-Kohn paper, Kohn and Sham suggested
an approach to get the universally valid contribution in equation (17). At the
risk of over-simplification, their idea was to calculate the kinetic energy of our
9

interacting system by looking at a similar, but non-interacting reference system.
The reference system is built using certain one-electron function orbitals, called
Kohn-Sham orbitals or KS orbitals, represented as φi . We can link this reference
system with our actual interacting one by choosing an appropriate potential,
such that
N X
X
|φi (~r, s)|2 = ρ0 (~r)
(23)
i

s

where ρ0 is the density of our interacting system. The kinetic energy of the
non-interacting system, TS , is given by
N

TS = −

1X
hφi |∇2 |φi i
2 i

(24)

Even though the two systems share the same electron density, the kinetic
energy of the non-interacting system TS is not identical to the kinetic energy of
the interacting system T (it can be shown that TS ≤ T , see [1]). Taking this
into consideration, we introduce a functional F [ρ] which contains the individual contributions to kinetic energy, coulombic interaction, and a non-classical
portion due to ”self-interaction correction, exchange (i.e., antisymmetry), and
electron correlation effects” [1]
F [ρ(~r)] = TS [ρ(~r)] + J[ρ(~r)] + EXC [ρ(~r)]

(25)

where EXC is called the exchange-correlation energy and is given by
EXC [ρ] ≡ (T [ρ] − TS [ρ]) + (Eee [ρ] − J[ρ]) = TC [ρ] + Encl [ρ]

(26)

Here Encl refers to the non-classical contribution. The difference between
the kinetic energy of the interacting and non-interacting system is just added
to Encl . Writing down the expression for total energy of the interacting system,
in terms of the functionals in equation (25),
E[ρ(~r)] = TS [ρ] + J[ρ] + EXC [ρ] + EN e [ρ]

(27)

Using equation (23) and equation (24), we can rewrite equation (27) as
Z
ρ(~r1 )ρ(~r2 )
d~r1 d~r2 + EXC [ρ] + VN e ρ(~r)d~r
r12
N
N X
N Z Z
X
X
1
1
1
2
=−
hφi |∇ |φi i +
|φi (~r1 )|2
|φj (~r2 )|2 d~r1 d~r2
2 i
2 i j
r12

E[ρ(~r)] = TS [ρ] +

1
2

Z Z

(28)

N Z X
M
X
ZA
+EXC [ρ(~r)] −
|φi (~r1 )|2 d~r1
r
1A
i
A

In the above equation, we lack an explicit form only for the exchangecorrelation term. We now check what sort of conditions φi must satisfy to
obtain the minimum energy. From [9], we obtain the following equation.
10


1
− ∇2 +
2

Z

M

X ZA
ρ(~r2 )
d~r2 + VXC (~r1 ) −
])φi
r12
r1A

(29)
A
1 2
= (− ∇ + Vef f (~r1 ))φi = i φi
2
We notice that the terms in the square bracket are the effective potential
Vef f , given by
Z
Vef f (~r) =

M

X ZA
ρ(~r2 )
d~r2 + VXC (~r1 ) −
r12
r1A

(30)

A

We now have an idea of Vef f , which determines the orbitals and hence the
ground state energy using equation (28).
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3
3.1

Numerical Methods
Iterative Method

Going back to equation (28) and equation (30), we observe a major problem in
solving it. In order to calculate the electron density in equation (28), we need
to know the external potential Vef f . However, we see that the electron density
is required to calculate the Vef f in equation (30). Hence, we need to solve these
iteratively, and obtain a solution which is self-consistent with regard to both
equations. A schematic representation of this is shown in figure 1.

Figure 1: Schematic representation of the iterative method
We start off with a trial electron density and calculate the corresponding
Vef f , and then use it to solve the Kohn-Sham equations. We then calculate a
new electron density and check if it falls within a previously-defined tolerance
range. If it doesn’t, we run a new iteration with a mixture of the old and new
densities. We can control the amount of the new density that blends with the
old at each iteration, which helps determine the speed of convergence.

3.2

Bravais lattice and Reciprocal lattice

In DFT we are often interested in calculations involving periodic arrangements
of atoms or groups of atoms. We begin by defining the unit cell, the smallest
unit that can be reproduced in all directions to recreate the crystal structure.
We then define the lattice vectors, which span the whole crystal, and represented
~ can be written in
in 3 dimensional space as ~a1 , ~a2 , ~a3 . Any position vector R,
term of a sum of multiples of the basis vectors.
~ = n1~a1 + n2~a2 + n3~a3
R

(31)

The solution to Schrödinger’s equation for this periodic arrangement must
satisfy Bloch’s Theorem, according to which it should be expressible as a sum
12

of terms of the form
φk (~r) = exp(i~k.~r)uk (~r)

(32)

where uk (~r) has the same period as the cell. It was found that it is easier to
solve many of the mathematical problems in DFT in terms of ~k, the momentum
vector, than in terms of ~r. The space of ~r vectors is known as real space, while
the space of ~k vectors is known as reciprocal space, or k space. Analogous to
the lattice vectors ~a1 , ~a2 , ~a3 , we define reciprocal vectors ~b1 , ~b2 , ~b3 , which fulfill
the following conditions
~b1 = 2π

~a3 × ~a1
~a1 × ~a2
~a2 × ~a3
, ~b2 = 2π
, ~b3 = 2π
~a1 .(~a2 × ~a3 )
~a2 .(~a3 × ~a1 )
~a3 .(~a1 × ~a2 )

(33)

To illustrate these concepts in a way that’s intuitive, let us look at the fcc
primitive cell. It is easily shown that the lattice vectors and reciprocal vectors
are given by
1 1
1
1
1 1
~a1 = a( , , 0), ~a2 = a(0, , ), ~a3 = a( , 0, )
2 2
2 2
2
2

(34)

~b1 = 2π (1, 1, −1), ~b2 = 2π (−1, 1, 1), ~b3 = 2π (1, −1, 1)
(35)
a
a
a
Figure 2 shows the vectors for the fcc cell in real and reciprocal space respectively.

Figure 2: Real space and reciprocal space lattice vectors for the fcc cell
Like the primitive cell in real space, we define a primitive cell in reciprocal
space called the Brillouin Zone (BZ). The volume of BZ is given by
(2π)3
(36)
Vcell
where Vcell is the volume of the primitive cell in real space. The BZ is
relevant for us as the integral for the evaluation of the electron density from
equation (28) reduces to equations of the form
VBZ =

13

Vcell
ḡ =
(2π)3

Z
g(k)dk

(37)

BZ

It is important to note that this integrates over reciprocal space, in particular, integrates over the k values inside the BZ. I won’t be going into the
details of how we can get this integral, but instead will focus on how to solve it
numerically.

3.3

Choosing k points in the BZ

In 1976, Monkhorst and Pack came up with a method to solve equations like
equation (37). According to this, we need to specify how many k points to use
in each direction in reciprocal space. If N number of points are used in all three
directions, we label the calculations as using N × N × N k points. A calculation
using M × M × M k points will give us a better result after integration than
one using N × N × N k points, if M > N (note that although it is natural
to use the same number of k points along each direction for a cell with equal
lengths for each lattice vector, this is not necessary).
One important feature of how the Monkhorst-Pack method works is its utilization of symmetries that exist in the system. As a result of these symmetries,
the calculations do not need to be carried for the entire BZ, but only a portion
of it. This smaller region in reciprocal space is called the irreducible Brillouin
Zone (IBZ). This helps explain why simulations with symmetry converge much
faster than those without any symmetry. For tables that vividly illustrate the
time difference produces, look at figure [37] in the appendix.

3.4

Kinetic Energy Cut-off

In section 3.2, Bloch’s theorem was mentioned, according to which solutions to
Schrödinger’s equation are of the form
Φk (~r) = exp(i~k.~r)uk (~r)

(38)

where the uk (~r) has the same period as the cell. Because of this periodicity,
we can expand uk (~r) in terms of plane waves in the following fashion
X
~ r]
uk (~r) =
cG exp[iG.~
(39)
G

~ defined by G
~ = m1~b1 + m2~b2 + m3~b3 where
where we sum over all vectors G
~ are defined such that
mi is any integer value. Here the set of vectors given by G
~ ai = 2πmi where ai can represent any lattice vector in real space.
G.~
Combining equation (38) and equation (39), we get
X
~ r]
Φk (~r) =
ck+G exp[i(~k + G)~
G
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(40)

~ evaluating Φk
Note that since we have infinite possible set of values for G,
seems practically impossible. To tackle this, we recognize that the functions in
equation (40) have a physical interpretation we make use of- they have kinetic
energies equal to
h̄2 ~ ~ 2
|k + G|
E=
(41)
2m
Since our goal is to calculate the ground state energy, it seems reasonable to
suspect that lower energies will be more crucial to the calculation than higher
energies. With this in mind, we can truncate the infinite series to include values
only until a certain cut-off value
Ecut =
Equation (40) now reduces to
X
Φk (~r) =

h̄2 2
G
2m cut

(42)

~ r]
ck+G exp[i(~k + G)~

(43)

|G+k|<Gcut

From the limit in the sum, we see that the number of terms to be summed
differs according to ~k. We now have a parameter that needs to be defined when
we carry out the DFT calculation: the cut-off energy Ecut .

3.5

Pseudopotentials

The wave functions of electrons near the core are not very important to chemical bonds, nor the physical properties associated with them. Taking this into
consideration, one way to speed up calculations is to substitute the real electron
density with a smoothed density selected to match important mathematical and
physical properties of the real core. This is known as the frozen-core approximation.
We come up with appropriate pseudopotentials, ideally, by observing a single
isolated atom of whichever element we’re interested in. The resulting pseudopotentials can be reliably used in all kinds of calculations without any adjustment.
This is known as the transferability of the pseudopotential.

15

Figure 3: Pseudopotentials, Source: Wikipedia Commons
It has been found that using pseudopotentials give us good results in agreement with calculations involving all the electrons. As we can see in figure 3,
after a certain cut-off radius, the pseudopotential and actual potential are almost identical. Pseudopotentials are used widely in this research, as will be
pointed out in the next section.
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4
4.1

Quantum ESPRESSO
Introduction to Quantum ESPRESSO

Quantum ESPRESSO (QE) is ”an integrated suite of computer codes for electronicstructure calculations and materials modeling, based on density-functional theory, plane waves, and pseudopotentials” [13]. The acronym ESPRESSO stands
for ”opEn Source Package for Research in Electronic Structure, Simulation and
Optimization”. QE uses a number of methods to enable the probing of various
nano-structures. Although both amorphous and crystalline structures maybe
studied, this research will be restricted to only crystalline solids.
QE was developed as an open-source project where researchers working on
electronic structure calculations could come together, and develop the code together. Figure 4 is a screenshot of the QE website, from where the package can
be downloaded for free.

Figure 4: Screenshot from http://www.quantum-espresso.org/
The core package for QE is PWscf (PW), used for Plane-Wave Self-Consistent
Field calculations using DFT, pseudopotentials and plane waves, all of which
have been introduced (briefly) in the previous sections.
In this section, some features of QE will be briefly described. Since there are
plenty of sources of information about how to install and use QE, this section
will focus instead on how some of the features mentioned in the previous section
are implemented in the QE package.

4.2

External Tools

There are useful tools in QE that make working with it significantly more convenient. Two such tools used in this research are discussed here.
1. PWgui
PWgui is a graphical user interface, developed by Anton Kokalj, which is helpful
for entering input for the program. Each input has a corresponding box (or
button) which makes entering it very convenient. Extensive information is given
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under conveniently located ”help” buttons, which explain the significance of each
corresponding input.

Figure 5: PWgui screenshot
Figure 5 is a screenshot of a part of the PWgui interface, which shows the
various input boxes,as well as the corresponding help boxes.

2. XCrySDen
XCrySDen is another tool developed by Anton Kokalj, which stands for Crystalline Structures and Densities. It is used to visualize the atomic structure of
periodic crystals. This program reads the number of atoms, their positions, and
their properties, and presents them in a 3-D model. Figure 6 is a sample model
to give an idea of how this program works.

Figure 6: XCrySDen screenshot
Source: http://www.xcrysden.org/img/xcrysden_in2o3.png
As is seen in figure 6, we can translate, rotate and zoom from all directions.
Additionally, there are other options which can aid in understanding the system.
For example, the covalent bonds can be observed, the unit cell can be repeated
in different directions, the Wigner-Seitz cell can be shown, etc. In the next
section, each model will have its corresponding crystal structure displayed using
XCrySDen.

4.3

Navigating Quantum Espresso

In this section, the QE package will be explored with an emphasis on how data
needs to be inputted. In the next section, some models will be simulated, and
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the results will be analyzed.
Figure 7 shows the first PWgui screen that one encounters when they start
QE. Multiple tabs are seen at the top, which we can use to navigate. The
control tab is used to set the input and output files, and well as to choose
what sort of calculation we want (in this project, we only run calculation for
self-consistency).

Figure 7: QE Screenshot- The Control Tab
Figure 8 shows the System Tab. This is used to input information about
the structure of the system under investigation. The ibrav option is used to
indicate the symmetry of the crystal, and hence the kind of crystal. The figure
on the left is a screenshot of the help button for ibrav, and gives us an idea
of the range of options available. (For a complete list, go to http://www.
quantum-espresso.org/wp-content/uploads/Doc/INPUT_PW.html). In QE,
all lengths are inputted as a ratio of the cell dimension (keyed in at the Systems
tab).

Figure 8: QE Screenshot- The System Tab
At the bottom of the Systems tab (as seen in figure 9), we encounter a
smaller box where we input the number and type of atoms in the cell. Notice
also that we input the kinetic energy cut-off, which was talked about in section
3.4.

Figure 9: QE Screenshot- The System Tab continued
We see the Lattice and Atoms tab in figure 10. We can explicitly input the
lattice vectors here, although there are default vectors provided for some values
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of ibrav (as mentioned in the help box in figure 8).
We also need to key in which atomic species we are considering, its mass, a
pseudopotential file for each species(where the electron density for core electrons
is found, as discussed in section 3.5), as well as the positions for each atom in
the cell.

Figure 10: QE Screenshot- The Lattice and Atoms Tab
We can find files containing various pseudopotentials for different elemental
species at the QE website (http://www.quantum-espresso.org/pseudopotentials/)
as shown in figure 11.

Figure 11: Pseudopotential Library
The K-points tab,as shown in figure 12, is where we key in the momentum
coordinates in reciprocal space, over which we integrate (numerically), as mentioned in section 3.3.

Figure 12: K point grid
These are only some of the essential input cards that need to be filled in for
the simulations that were run for this research. There are others that will need
to be filled up for other calculations.
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4.4

Output in QE

Once the appropriate input is filled in we can run the program. A dialogue box
as seen in figure 13 is seen.

Figure 13: Comparing the QE results with the theoretical prediction
In figure 13, the image on the left shows the output listing the various k
points that make up the grid specified in the input. The image on the right
shows the program running multiple iterations until convergence is reached. At
the end of the run, once convergence has been reached, we see the image in
figure 14.

Figure 14: Energy values
At the end of the calculation, we get a value for total energy, as well as the
various contributions in Rydberg. For this research, only the total energy will
be used.
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5

Running Simulations

In this section, various simulations are run to check the structures, as well as
the energy values against analytic solutions (wherever available).

5.1

Some Simple cells

First, to examine how the visualization of the crystals work, we simulate the
unit cells of Aluminium, silicon, and a modified silicon supercell.
Aluminium forms face-centered cubic structures (fcc), and so we need to key
in only one cell dimension- the cell length of 404.95 pm, which is approximately
7.5 bohr.

Figure 15: Aluminium cell
For silicon, the crystal structure is Tetrahedral Packing, and so we again
input only one parameter- the cell dimension of 10.26 bohr.

Figure 16: Silicon cell
Both simulations above used a standard numbers of atoms in the cell, and
so generated the usual cell. However, given all the input options we have, there
is a certain amount of versatility that can be put to use with regard to input
options. Figure 15, for instance is a Silicon supercell for which 16 distinct atomic
positions are specified explicitly.
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Figure 17: Silicon Supercell

5.2

The Hydrogen Molecule

Now that there is a degree of familiarity with the model visualizations, we need
to look at the values of energy generated. Since one of the few multi-atom
systems for which we have an analytical solution for ground state energy is the
hydrogen molecule, we build a model for it, and compare the energy values
obtained with the analytical solution. Figure 18 shows the schematic diagram
for the hydrogen molecule. The analytical solution can be found in [6].

Figure 18: Schematic of Hydrogen molecule
Figure 19 shows two hydrogen atoms separated by a distance inside the unit
cell. We see that the cell is elongated along the z-axis to allow for us to vary
the distance between the atoms without fear of interaction from adjacent cells
in the z-direction.

Figure 19: QE simulation of two hydrogen atoms approaching each other
The distance is varied, and the energies at different distances are subtracted
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from a control value (two times the energy of a single hydrogen atom), so we
can plot the energy difference versus distance on our graph. This is done in
figure 20, and the image on the right shows the analytical solution (along with
the solutions from some approximations. Source:[6]).

Figure 20: Comparing the QE results with the theoretical prediction
It is seen that there is a minimum energy difference of -4.7 eV between 0.5
and 1 Angstrom in the analytical solution. We see that the QE simulation gives
us a minimum of approximately -4.7 eV, although at approximately 0.5 bohr
further. The reasons for these differences will be examined in section 6.

5.3

Modeling Graphene

Graphene will be modeled in this section, and it will be used again later to test
its properties. Four attempts to simulate graphene were made, and are listed
below.
Trial #1 Our first attempt involves trying to model graphene as a free cell.
For free cells, we assign a single cell dimension, and all other values are specified
as a ratio to this single value.

Figure 21: Graphene Trial 1
Clearly, we did not take seriously the repetition of the unit cell. This leads
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to atoms from adjacent cells overlapping, and this needs to be fixed.
Trial #2
Here we use the in-built bravais lattice for Hexagonal and Trigonal lattices
(ibrav=4). We key in two cell dimensions- 4.65 bohr and 2.00 bohr (for the
z-direction). The result is seen in figure 22.

Figure 22: Graphene Trial 2
Clearly, figure 22 is a significant improvement over figure 21. One issue that
arises is its small size along the xy-axis. Consider figure 23.

Figure 23: Parking hydrogen on trial graphene 2
Figure 23 represents a common calculation using DFT- to determine the potential when we bring two different configurations of atoms close. Here a single
hydrogen is being moved along the z-axis to determine how the ground state
energy of the system varies. However, given the small size of the cell, it appears
as though it is possible that neighboring cells might be influencing hydrogen
significantly, and so might give us wrong results.
Trial #3
To remedy the issue highlighted above, we move to a free lattice and explicitly specify the position of 8 carbon atoms, as well as the appropriate lattice
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vectors. The result is figure 24.

Figure 24: Graphene Trial 3
Trial #4
In a similar spirit, we build a graphene cell with 32 carbon atoms whose
positions are explicitly specified.

Figure 25: Graphene Trial 4
Although in principle, the trial 4 graphene minimizes external influences the
most, being large and unsymmetrical, it takes a very long time for numerical
calculations involving it. For this reason, we will use trial graphene 3 for the
subsequent section.

5.4

Modeling Hydrogen and Graphene

Now that a graphene simulation is here, we can test what happens when a
hydrogen molecule is brought near it. As seen in figure 26, graphene trials 2
and 4 are not suitable for this task. Trial 2 is too small to give reliable results,
while trial 4 is too massive to be computable practically (it doesn’t converge
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even after several hours.) Hence, for this section, we use graphene trial 3, as
seen in figure 24.

Figure 26: Energy difference vs. Distance
A 2000 paper titled Density functional study of adsorption of molecular hydrogen on graphene layers by J. S. Arellano, et. al., ran the system shown in
figure 27 and generated graphs concerning the ground state energy with varying
distance. [9]

Figure 27: Schematic
Figure 28 shows a hydrogen molecule on trial graphene 3.

Figure 28: Hydrogen on graphene
Figure 29 (left) is the plot of the graph obtained, while the image on the left
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is what was obtained in another similar simulation in a previous paper [4].

Figure 29: Energy difference vs. Distance
We see that the graph that was obtained shows the same general shape as
the previous one, but differs in the location of the minimum energy.(the exact
values are not very important, as will be explained in the next section) Since
both graphs come from numerical calculations, we now look into the potential
sources of errors in numerical calculations in section 6.
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6

Accuracy and Errors in numerical calculations

When talking about the accuracy of calculations, it is important to separate
physical accuracy, and numerical accuracy. Physical accuracy is to ask whether
the predictions generated in a DFT calculation are precise when compared to
the value of the property measured under ideal (possibly hypothetical) conditions. On the other hand, numerical accuracy is concerned about whether our
attempts at solving the Kohn-Sham equations gave a well-converged solution.
In this paper,we have not concerned ourselves with numerical accuracy, as this
comes down to coding. We have assumed that QE is a blackbox throughout
this project, and so it is physical accuracy that needs to be considered.

Figure 30: Numerical accuracy and physical accuracy
To determine the extent of physical accuracy,we need to examine the approximations we have made from the beginning. For our plain-wave calculations,
these include the number of k-points integrated over and the kinetic energy
cut-off. The Born-Oppenheimer approximation used where we assumed that
the nuclear distance was just a parameter might also be an issue,since the the
nuclei are not actually stationary.
To illustrate why we need to be concerned with these, consider the simulation
of a single lithium atom shown in figure 31.

Figure 31: Lithium Atom
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The total ground state energy of this atom, according to QE was -201.11
eV. However, the expected ionization energies of lithium’s three electrons are
-5.39 eV, -75.64 eV,and -122.45 eV, which gives a total of - 203.48 eV. Clearly,
the values obtained through ESPRESSO do not match up precisely with those
obtained experimentally.
For another example, consider the helium atom in figure 32.

Figure 32: Helium Atom
The total ground state energy from QE was -76.93 eV. But according to
the experimental values, the first and second ionization energies of Helium are
-24.58 eV and -54.42 eV, which gives a total of -79.00 eV. Once again, we see
that the results from QE are not precisely those expected. And so, while QE
might predict the ground state value of hydrogen (section 5.2), it seems to give
inaccurate results for smaller orders of magnitudes.
Taking all of this into account, it is unsurprising that different values were
obtained in section 5.4. The energy values being plotted were of the order of
magnitude of 10−2 , which are smaller than QE seems to accurately provide.
This is potentially a major worry in using this package as we require very
precise values when doing numerical calculations involving atoms and molecules.
Note that this issue is exacerbated by the fact that we do not know which
approximation might have gone wrong out of those listed above in figure 29. No
analytic solution is present, and no experiment can isolate the kind of 8 carbon
graphene system we want. It then seems unclear how we can have access to
which graph is the right one. However, it should be noted that all the graphs
we have got possess the right form, and are approximately accurate. The issue
here is precision. More work will have to be done to show how QE can be made
to give more precise results.
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7

Conclusion

With Density Functional Theory being used increasingly in diverse fields like
engineering, material science, chemistry, and physics, it becomes critical to understand its theory,and well as its applications. This research was an attempt at
trying to do both. Section 2 offered a brief look at some of the crucial portions
of DFT’s theoretical foundations including the Schrödinger’s equation, the two
Hohenberg-Kohn theorems, as well as the Kohn-Sham Approach. It was realized that iterative methods would needed to carry out the relevant calculations,
and the relevant schematic was developed.
One powerful tool to carry out these calculations is Quantum ESPRESSO,
a Linux package freely available online. The two external tools PWgui and
XCrySDEN were introduced, and then some of the major features of QE were
described. These were then tested out using simple crystals like Aluminium and
Silicon. The accuracy of the QE energy values was verified using a model of
two hydrogen atoms approaching each other. Four different graphene models
were built, and their benefits were discussed. Model 3 was selected for further
work as it struck a balance between calculation ease, and complexity of design.
A hydrogen molecule was then placed near this graphene sheet and the energy
variation of the system was observed.
Although the graphs that were plotted resembled those previously obtained,
we observed that there were deviations from the exact values expected. This
seems to imply that QE doesn’t not provide precise predictions for values below
a certain order of magnitude, as pointed out in section 6. This also seems to
imply that we need to take a closer look at the exact way the program calculates
the energies, i.e., we can not treat it as a black box which generates some output
when we input values.
Future work should consider experimental verification of the predictions
made. It should be verified that the graphene models accurately capture all, or
at least the essential properties, of real-life graphene (such as actual dimensions,
potential, etc). If a minimum appears on the graph in figure 29, this might mean
we can eventually ”park” a hydrogen molecule on the surface of graphene using
the surface potential. These, as well as other similar experiments will have been
made possible by research like that done in this project.
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Appendix A: Miscellaneous Figures
There were some figures that might be of interest to anyone interest in the details of the simulations, but weren’t necessary to be a part of the thesis itself.
Some of these are found here.
Figure 33 shows the input in PWgui for Graphene trial 1.

Figure 33: Graphene trial 1
Figure 34 shows the input in PWgui for Graphene trial 2.

Figure 34: Graphene trial 2
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Figure 35 shows the input in PWgui for Graphene trial 3, including a portion
of the locations of each of the 8 carbon atoms.

Figure 35: Graphene trial 3
Figure 36 shows the input in PWgui for Graphene trial 4, including a portion
of the locations of each of the 32 carbon atoms.

Figure 36: Trial Graphene 4
Figure 37 shows the time difference in calculation caused by asymmetry in
the system, as explained in section 3.3.

Figure 37: Time difference in executing
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Appendix B: Screenshots
This appendix contains screenshots of the output that QE yields. The screenshots are instructive as they give us an idea of what goes into the calculations,
as well as how the final energy values are displayed.
Figure 38 displays the k=points created as per the instructions input in the
k-point grid box.

Figure 38: Screenshot of QE output: k points
Figure 39 shows the iterations of the calculations.

Figure 39: Screenshot of QE output: Iterations
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The integration required for the Kohn Sham approach involves an integral
over volume. This is accomplished in QE by integrating over the k-points. This
is shown in figure 40.

Figure 40: Screenshot of QE output: k point calculation
Figure 41 shows the ground state energy calculated by QE. Note that the
total energy is displayed, along with all the components which were discussed
in section 1. The final total energy (at the end of the final iteration) can be
located by the exclamation mark at the margin.

Figure 41: Screenshot of QE output: Total Energy
Notice also that the number of iterations, as well as the time taken for
convergence is listed.
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Figure 42 shows the screen at the end of the calculation. It has the date and
time at the bottom of the screen.

Figure 42: Screenshot of QE output: End of scf calculations
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Appendix C: Miscellaneous Models
This appendix contains screenshots of models and the corresponding energy
graphs that did not make it into the main report for various reasons.
Figure 43 shows a cell with a single hydrogen atom.

Figure 43: Single Hydrogen atom
Figures 44 and 45 show how the simulations that led up to Figure 19, where
the hydrogen molecule was studied. Figure 44 shows two hydrogen atoms close
enough to generate the default bond in the XCrySDEN view.

Figure 44: Hydrogen atoms at a distance of 3.65 bohr

39

Figure 45 shows the atoms from figure 44 at a distance where the bond is
no longer generated.

Figure 45: Hydrogen atoms at a distance of 4.65 bohr
Figure 46 shows the hydrogen molecule placed at a variable distance from
a carbon atom. The hydrogen molecule is modeled by placing two hydrogen
atoms at a distance equal to bond length.

Figure 46: Single carbon atom and a Hydrogen molecule
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Figure 47 shows a hydrogen atoms being placed too close to a carbon atom,
causing it to overlap. We can see that this places a limit of the variable distance
between different atoms.

Figure 47: Hydrogen atom parked too close on trial graphene 2
Figure 48 shows the Hydrogen atoms at a larger distance from the graphene
sheet.

Figure 48: Atom on trial graphene 2: position 1
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The ground state energy for different distances in figure 48 are plotted in
figure 49 (left). The Hydrogen atom is then replaced with a Rubidium atom
and the energies are plotted in figure 49 (right).

Figure 49: Energy graphs for a hydrogen atom (left) and a Rubidium atom
(right) in position 1
The position of the hydrogen atom is shifted, as is shown in figure 50.

Figure 50: Atom on trial graphene 2: position 2
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The ground state energy for different distances in figure 50 are plotted in
figure 51 (left). The Hydrogen atom is then replaced with a Rubidium atom
and the energies are plotted in figure 51 (right).

Figure 51: Energy graphs for a hydrogen atom (left) and a Rubidium atom
(right) in position 2
The position of the hydrogen atom is again shifted, as is shown in figure 52.

Figure 52: Atom on trial graphene 2: position 3
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The ground state energy for different distances in figure 52 are plotted in
figure 53 (left). The Hydrogen atom is then replaced with a Rubidium atom
and the energies are plotted in figure 53 (right).

Figure 53: Energy graphs for a hydrogen atom (left) and a Rubidium atom
(right) in position 3
Figure 54 shows a rubidium atom placed on a variation of trial graphene 2.
It is now clear why these graphs were excluded from the main report- with the
rubidium going outside the cell, it is unclear if the energy values represent the
ground state energy of a single rubidium atom anymore.

Figure 54: Rubidium atom on graphene
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Figures 55 and 56 represent the model of a single hydrogen atom on graphene
trial 3. Since the model of graphene with a hydrogen molecule was shown in
figure 28,these models were excluded since they did not add to the discussion.

Figure 55: Hydrogen atom on graphene trial 3: View 1

Figure 56: Hydrogen atom on graphene trial 3: View 2
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Figures 57 and 58 represent the model of a single hydrogen atom on graphene
trial 4. These systems were too large and unsymmetrical to converge in a
reasonable amount of time.

Figure 57: Hydrogen atom on graphene trial 4: View 1

Figure 58: Hydrogen atom on graphene trial 4: View 2
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Figure 59 shows a single rubidium atom on graphene trial 4. Note that unlike
figure 54, the rubidium atom here is completely contained within the graphene
supercell. However, as in the case of figures 57 and 58, this system is too large
to converge quickly.

Figure 59: Rubidium atom on graphene trial 4
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