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Abstract

We characterize the conditions of entanglement increase when a composite quantum system is
subjected to a non-selective measurement. In particular, we show that the entanglement of all
non-maximally entangled pure states can increase under measurement in a suitable basis. We show
Markovian dynamics can implement a measurement asymptotically. Finally, we provide numerical
evidence that explains why macroscopic bodies do not spontaneously gain entanglement as a result
of decoherence.
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Chapter 1

Introduction

Creating and preserving entanglement between quantum systems is a prerequisite of building
a quantum computer [HHHO09]. Typically, this is achieved by minimizing decoherence effects
that destroys non-classical correlations [JKP01, SAB+06, BW08, PTSL13, JS17, RWM+18]. Al-
ternatives include engineering the dissipation dynamics such that the steady state is entangled
[KMJ+11, VWC09, LGR+13, SHL+13, RRS16].

Here we provide another approach of creating entanglement, through the use of non-selective
measurements. In this way, we allow for a larger set of final states compared to the single steady state
achievable with dissipation-based approach. The price to pay for this flexibility is the impossibility
to create a maximally entangled state.

In the Araki-Żurek model [Zur82, Ara80], system decoherence is modelled by an environment
that is continuously measuring the system. Because of wave-function collapse, the measurement
projects the system into the pointer basis, thus losing coherence. Now, consider the same picture,
but with a composite system HA⊗HB . Decoherence in the Araki-Żurek model will imply a global
measurement on the whole system. This global measurement can increase entanglement within the
system.

As a motivating example, suppose we perform a measurement along the Bell basis on two qubits
in a state |ψ〉 = |00〉. Then with probability 1

2 , we get the outcome |φ+〉, and with probability 1
2

we get the outcome |φ−〉. We see that in each run of the experiment, we get a maximally entangled
state, on average however, we do not produce entanglement because ρ′ = 1

2 |φ
+〉 〈φ+|+ 1

2 |φ
−〉 〈φ−|

is separable.
Instead of performing a Bell measurement, suppose we measure the same system |ψ〉 = |00〉 in

the following basis

|φ0〉 = 1
2 |00〉+ 1

2

√
3 |11〉 ,

|φ1〉 = − 1
2

√
3 |00〉+ 1

2 |11〉 ,
|φ2〉 = |01〉 ,
|φ3〉 = |10〉 .

(1.1)

The state after the measurement is

ρ′ =
1

4
|φ0〉 〈φ0|+

3

4
|φ1〉 〈φ1| ,
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and we gain positive entanglement, e.g. the negativity is N(ρ′) =
√

3
8 . Since a positive value for

negativity indicates non-separability [VW02], we see that the post-measurement state is entangled.
Thus we can create entanglement from a pure product state by performing a measurement with
unknown outcome.

On one hand, it is not surprising that a global measurement can increase entanglement; it is,
after all, a global operation. However generally we expect decoherence to destroy, rather than create
correlations. It is thus puzzling if this decoherence can increase entanglement. We will see that if
the environment is performing the measurement in a randomly chosen basis, then on average the
entanglement will not increase.

The structure of the thesis is as follows: chapter 2 deals with the abstract problem and charac-
terizes the conditions where entanglement can be created. We also give partial results on optimal
amounts of entanglement and argue why we expect the bounds to hold in general. Chapter 3
connects the abstract problem with the physical picture. We show Markovian dynamics can imple-
ment a projective measurement only in the limit t→∞. We also provide numerical results showing
implausibility of spontaneous gain of entanglement in macroscopic systems..

Notation and terminology

Throughout the thesis, we will assume we are working with a finite-dimensional Hilbert space. We
also assume that the dimensions of the Hilbert spaces describing subsystems are equal. Given a
basis B = {|φj〉}, we denote by PB the rank-one projective measurement in the basis B. Negativity
[VW02] is defined as

N(ρ) =
1

2

(
‖ρTB‖1 − 1

)
, (1.2)

where ‖A‖ denotes the trace norm, and ATB is the partial transpose of the matrix A in some fixed
basis.
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Chapter 2

Entanglement gain

Consider the following abstract problem. Given an input state ρ, a measurement basis B and an
entanglement measure E, characterize the conditions to obtain

E(PBρ) > E(ρ).

In order to make the calculations tractable, we will use negativity as the entanglement measure.

2.1 Maximally entangled basis

We begin by the following observation. Suppose we quantify entanglement by an entanglement
measure E that is convex. Consider a state ρ and a basis B = {|φj〉}. Because E is convex, we have

E(PBρ) ≤
∑
j

〈φj | ρ |φj〉 |φj〉 〈φj | ≤ max
j
E(φj).

In other words, the entanglement of the measured state is bounded above by the entanglement of
basis states.

If one would like to create the most entanglement, then it is reasonable to expect a projection
onto a maximally entangled basis will be the best. This is not the case. Consider the generalized
Bell states as

|ψjk〉 =
1√
d

d−1∑
m=0

ωmkd |m〉 |m+ j〉 ,

where j, k = 0, . . . , d − 1, ωd = ei2π/d, and the sum is taken modulo d. Clearly these states forms
a maximally entangled basis. However a projective measurement in this basis can be implemented
by LOCC as shown in the theorem below, and thus cannot increase entanglement.

Theorem 1. Consider two d-dimensional systems. Let P be a measurement in the generalized Bell
basis

|ψjk〉 =
1√
d

d−1∑
m=0

ωmkd |m〉 |m+ j〉 ,
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where j, k = 0, . . . , d − 1, ωd = ei2π/d. For any input state ρ and any entanglement monotone E,
we have

E(Pρ) ≤ E(ρ).

Proof. Let us define the operators

X =

d−1∑
l=0

|l + 1〉 〈l| ,

Z =

d−1∑
l=0

ωld |l〉 〈l| .

Defining |Φ〉 = 1√
d

∑d−1
m=0 |mm〉, it is easy to check that

|ψjk〉 = (11⊗XjZk) |Φ〉 .

Furthermore, we have the relations

Tr
(
XiZj

) (
XkZl

)†
= δikδjld,

ωijd X
iZj = ZjXi.

Using the relations above, it is tedious but straightforward to check that

|ψjk〉 〈ψjk| =
1

d2

d−1∑
m,n=0

ωkmωjnXmZn ⊗XmZ−n.

Using the identity
∑d−1
i=0 ω

i(j−k)
d = dδjk, we find that

Pρ =

d−1∑
j,k=0

|ψjk〉 〈ψjk| ρ |ψjk〉 〈ψjk|

=

d−1∑
j,k=0

d−1∑
m,n=0
m′,n′=0

1

d4
ωk(m−m′)ωj(n−n

′)(XmZn ⊗XmZ−n)ρ(Xm′
Zn

′
⊗Xm′

Z−n
′
)†

=

d−1∑
m,n=0
m′,n′=0

1

d2
δmm′δnn′(XmZn ⊗XmZ−n)ρ(Xm′

Zn
′
⊗Xm′

Z−n
′
)†

=

d−1∑
m,n=0

1

d2
(XmZn ⊗XmZ−n)ρ(XmZn ⊗XmZ−n)†.

Clearly, the map has an LOCC implementation. Alice generates a pair of uniformly random integers
m,n that ranges from 0 to d−1, and communicates the result to Bob. Alice then applies the unitary
XmZn to her system, while Bob applies XmZ−n. Then both Alice and Bob erase the record of the
values of m,n. Therefore for any entanglement monotone E, we have E(Pρ) ≤ E(ρ).
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The next lemma strengthens the result by showing that any maximally entangled basis on two
qubits is equivalent under local unitaries to the Bell basis.

Lemma 2. Let B = {|ψj〉} be an orthonormal basis on two qubits, with all elements maximally
entangled. Then the basis is equivalent to the Bell basis under some local unitary.

Proof. Let {|akbl〉} be the Schmidt basis of |ψ0〉. We expand the elements |ψj〉 as follows

|ψj〉 =

1∑
k,l=0

α
(j)
kl |akbl〉 ,

and consider 2 × 2 complex matrices α(j) with entries defined above. Recall that the Schmidt
coefficients of |ψj〉 are simply the singular values of the matrix α(j) [NC09]. Since |ψj〉 are maximally
entangled, the singular values of α(j) are all equal to 1√

2
, and it follows that α(j) is proportional to

a unitary matrix. Note that they are also orthogonal in the Hilbert-Schmidt inner product.
We can write a traceless 2×2 unitary matrix as a Hermitian matrix multiplied by a phase factor.

Since Trα(j) = 0 for j = 1, 2, 3, we can find A(j) Hermitian and ηj real such that α(j) = eiηjA(j).
Multiplying the matrices α(j) by a phase e−iηj does not change the projection basis |ψj〉 〈ψj |, so
without loss of generality we can assume that α(j), j = 1, 2, 3 is Hermitian.

Identifying α(0) = 1√
2
11, we have an orthonormal basis {α(j) | j = 0, 1, 2, 3} of the four-

dimensional real Hilbert space of Hermitian 2×2 matrices with the Hilbert-Schmidt inner product.
The same space is spanned by the identity and the Pauli matrices, and therefore there exists an
isometry R such that

α(j) = R

(
1√
2
σj

)
,

where σ0 = 11, and σj is the j-th Pauli matrix. The matrix representation of the isometry R is

R =

(
1 0
0 R0

)
,

where R0 ∈ O(3) is an orthogonal matrix.
We will assume that R0 ∈ SO(3). This can be done without loss of generality, because if

detR0 = −1, we can take one of the basis vectors, say |ψ1〉 with an opposite sign. This amounts to
a global phase change, which does not change the projector |ψ1〉 〈ψ1|. It does however change the
sign of α(1) and consequently the sign of detR0.

Using the homomorphism between the groups SU(2) and SO(3), we infer that there exists a
unitary matrix U ∈ SU(2) such that α(j) = 1√

2
R0σj = 1√

2
UσjU

† for j = 1, 2, 3, and therefore

|ψj〉 =
1√
2

1∑
k,l=0

(
UσjU

†)
kl
|akbl〉 .

Note that α(0) = 11, and therefore the last equation holds for all j. Define the new local basis

|m〉 =
∑
k

Ukm |ak〉 ,

|n〉 =
∑
l

U∗ln |bl〉 .
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We can thus write |ψj〉 as

|ψj〉 =
1√
2

1∑
m,n=0

(σj)mn |mn〉 ,

which is the standard Bell basis.

Thus we conclude that a projection on a maximally entangled basis in a two qubit system cannot
increase entanglement. In higher dimensions, we could not show that any maximally entangled basis
is can be transformed into the generalized Bell basis by local unitaries. So our result only shows
the existence of a maximally entangled basis that cannot increase entanglement.

2.2 Conditions for entanglement gain

We show that it is almost always possible to increase the negativity of a pure state.

Theorem 3. Let |φ〉 be a non-maximally entangled pure state. There exists a basis B such that a
measurement in B increases negativity, i.e.

N(PBφ) > N(φ)

Proof. Let |Φ〉 be the maximally entangled state with the same Schmidt basis as |φ〉. We define

|ψ0〉 =
1√

2 + 2〈φ|Φ〉
(|φ〉+ |Φ〉) ,

|ψ1〉 =
1√

2− 2〈φ|Φ〉
(|φ〉 − |Φ〉) ,

and we note that they are orthonormal. Thus we pick them as the first two vectors in our measure-
ment basis. Furthermore, since |φ〉 can be expressed as a linear combination of |ψ0〉 and |ψ1〉, the
rest of the basis can be chosen arbitrarily, since they must be orthogonal to |φ〉. Let this basis be
B.

It is easy to verify that the state after the measurement is given by

PBφ = | 〈φ|ψ0〉 |2 |ψ0〉 〈ψ0|+ | 〈φ|ψ1〉 |2 |ψ1〉 〈ψ1|
= 1

2 |φ〉 〈φ|+
1
2 |Φ〉 〈Φ| .

Since |φ〉 and |Φ〉 has the same Schmidt basis, it follows that

N(PBφ) = N
(

1
2 |φ〉 〈φ|+

1
2 |Φ〉 〈Φ|

)
= 1

2N(φ) + 1
2N(Φ)

which must be larger than N(φ).

6



With this result, we might ask the converse question: given a measurement basis, is there
always a state whose entanglement will increase? The answer is of course no. If the measurement
basis consists of solely product vectors, then the output state must be separable, and the final
entanglement will be zero. Another counterexample was shown in Theorem 1, where a measurement
in a maximally entangled basis cannot increase entanglement.

It turns out that all these examples are measure zero, and we can find a pure state whose
negativity will increase for almost all bases.

Theorem 4. Let B = {|ψj〉} be a basis, with one element |ψ0〉 having two non-zero Schmidt
coefficients that are not equal. There exists a pure state |φ〉 such that a measurement in B increases
negativity, i.e.

N (PBφ) > N(φ)

Proof. Let d be the number of non-zero Schmidt coefficients of |ψ0〉. By assumption, |ψ0〉 =∑d−1
i=0

√
pi |ii〉, with pi > 0 and p0 6= p1. We will construct the input state by rotating the vector

|ψ0〉. We choose the input state as follows

|φ〉 ∝ |ψ0〉 − ε |Φ〉 =

d−1∑
i=0

(
√
pi −

ε√
d

)
|ii〉 , (2.1)

where |Φ〉 = 1√
d

∑d−1
i=0 |ii〉 is defined using the Schmidt basis of |ψ0〉. We will show that there is a

range of ε > 0 such that N(PBφ) > N(φ).
Suppose we choose ε small such that

0 <
ε√
d
< min

i
pi, (2.2)

so all the coefficients in eq. (2.1) are positive. With some effort, we find the negativity of the initial
state |φ〉 is given by

N(φ) =
1

C2
[N(ψ0) + ε(ε− 2β)N(Φ)] ,

where β = 〈ψ0|Φ〉, and C = (1 + ε2 − 2εβ)1/2.
The post-measurement state is

PBφ = (1− p) |ψ0〉 〈ψ0|+ pσ,

where σ is orthogonal to |ψ0〉 〈ψ0|, and 1 − p = | 〈ψ0|φ〉 |2 =
(

1−εβ
C

)2

. By triangle inequality on

trace norm, we have

‖|ψ0〉 〈ψ0|TB‖1 = ‖(PBφ+ p(|ψ0〉 〈ψ0| − σ))
TB‖1

≤ ‖(PBφ)
TB‖1 + p‖ψ0

TB − σTB‖1
≤ ‖(PBφ)

TB‖1 + 2dp.

7



Recall that negativity is given by N(ρ) = 1
2 (‖ρTB‖1 − 1). Thus we find that

N(PBφ) ≥ N(ψ0)− pd

= N(ψ0)− d

(
1−

(
1− εβ
C

)2
)

= N(ψ0)− d
(
ε2(1− β2)

C2

)
.

We wish to choose ε such that N(PBφ) > N(φ). By the lower bound above, it is enough to
choose ε such that

N(ψ0)− d
(
ε2(1− β2)

C2

)
>

1

C2
[N(ψ0) + ε(ε− 2β)N(Φ)] .

Multiplying by C2, and substituting C2 = (1 + ε2 − 2εβ), we get the condition

(1 + ε2 − 2εβ)N(ψ0)− dε2(1− β2) > N(ψ0) + ε(ε− 2β)N(Φ)

⇐⇒ ε
(
N(Φ)−N(ψ0) + d(1− β2)

)
< 2β(N(Φ)−N(ψ0)). (2.3)

By assumption, the first two Schmidt coefficients of |ψ0〉 are not equal, therefore it cannot be a
maximally entangled state in its subspace. Therefore we have N(Φ) > N(ψ0).

Clearly, there exists a choice of ε satisfying eq. (2.2) and (2.3), and for such an ε, we have
N(PBφ) > N(φ).

The conditions in the theorem above might seem arbitrary, but it is in fact necessary. Consider
the following basis

|ψ0〉 =
1√
2

(|00〉+ |11〉) ,

|ψ1〉 =
1√
2

(|00〉 − |11〉) ,

|ψ2〉 =
1√
2

(|01〉+ |10〉) ,

|ψ3〉 =
1√
2

(|01〉 − |10〉) ,

|ψ4〉 = |02〉 ,
|ψ5〉 = |12〉 ,
|ψ6〉 = |20〉 ,
|ψ7〉 = |21〉 ,
|ψ8〉 = |22〉 .

A measurement in this basis has an LOCC implementation as follows, and therefore it cannot in-
crease entanglement. Let Π01 = |0〉 〈0| + |1〉 〈1|, Πi = |i〉 〈i|. Alice performs a measurement in
{Π01,Π2} and notes the outcome. If Alice obtained the outcome Π2, then Bob performs a mea-
surement in {Π0,Π1,Π2}, and they both prepare the state {|ψ6〉 , |ψ7〉 , |ψ8〉}, depending on Bob’s

8



measurement result. If Alice obtained the outcome Π01, then Bob performs a measurement in
{Π01,Π2} and notes the outcome. If Bob obtained the outcome Π01, then they should perform the
LOCC protocol to implement non-selective measurement in a Bell basis (as in Theorem 1). Other-
wise, Bob obtained the outcome Π2, and Alice should perform another measurement in {Π0,Π1},
and they both prepare the state {|ψ4〉 , |ψ5〉}.

2.3 Conditions for impossibility of entanglement gain

We could ask if similar results hold if we allow the input states to be mixed states. The answer is
clearly no. To see this, note that a maximally mixed state is invariant under a measurement, thus
its entanglement cannot be increased in this fashion.

More generally, recall that we say ρ is absolutely separable if UρU† is separable for any unitary
U acting on H1 ⊗H2. We show that any rank-one projective measurement can be implemented as
a mixed unitary channel.

Theorem 5. For any rank-one projective measurement ρ 7→
∑
j ΠjρΠj, there exists a collection of

unitaries Uj and weights pj such that

d−1∑
j=0

ΠjρΠj =

d−1∑
j=0

pjUjρU
†
j

Proof. By construction. Let us define

U =

d−1∑
j=0

ωjdΠj ,

where ωd = ei2π/d. We have

1

d

d−1∑
i=0

(U i)ρ(U i)† =
1

d

d−1∑
i,j,k=0

ω
i(j−k)
d ΠjρΠk

=

d−1∑
j,k=0

δjkΠjρΠk

=

d−1∑
k=0

ΠkρΠk,

where we used the identity
∑d−1
i=0 ω

i(j−k)
d = dδjk

Thus the entanglement of any absolutely separable state cannot be increased with a non-selective
measurement.

Note that the following proof does not work. A rank-one projective measurement is a unital,
trace-preserving map. Extreme points of bistochastic map are given by unitaries, and therefore any
bistochastic map can be expressed as a convex combination of unitaries. The reason is there exist
unital channels that are not a convex combination of unitaries [SVW05]. The classical analogue of

9



this is solved by the well-known Birkhoff’s theorem, which states that any doubly stochastic matrix
is a convex combination of permutations. The quantum problem turns out to be harder, and solved
in the negative in [HM11].

Finally, let us show that we can increase the entanglement of states that are ε-close to the set
of absolutely separable states. The set of absolutely separable states has been characterized for two
qubits[VAM01, IH00]. Consider a two qubit state ρ. If λ1 ≥ λ2 ≥ λ3 ≥ λ4 are eigenvalues of ρ,
then ρ is absolutely separable if and only if λ3 + 2

√
λ2λ4 − λ1 ≥ 0. Consider ρ = 1+2ε

3 |00〉 〈00| +
1−ε

3 |11〉 〈11|+ 1−ε
3 |01〉 〈01|. The state ρ is obviously separable, and ε-close to the set of absolutely

separable states. Performing a measurement in the basis defined in eq. (1.1), we see that the
negativity of the post-measurement state is always strictly positive.

2.4 Optimality

An interesting question is how much can we increase the entanglement of a given pure state?
Suppose we found an initial state φ and a measurement basis B such that PBφ is maximally
entangled. A maximally entangled state must be a pure state [HHHO09]. If PBφ is pure, then we
must have φ ∈ B. Therefore PBφ = φ, and the state φ itself must be maximally entangled.

On the other hand, Theorem 2.2 shows that we can increase the negativity of a pure product
state to half of its maximum value. Characterizing the basis giving the largest increase is a complex
problem, but we can characterize the largest increase on a certain family of basis. In the following
section, we show that for this family of basis, a halfway-to-maximum increase is the best that we
can do. We also provide numerical evidence suggesting that this holds for all bases.

Consider an arbitrary pure state |φ〉 ∈ HA ⊗HB with its Schmidt decomposition

|φ〉 =

d−1∑
i=0

√
pi |ii〉 .

LetW be the d-dimensional subspace that is spanned by the Schmidt basis of |φ〉. We can decompose
HA ⊗HB into a direct sum W ⊕W⊥, where W⊥ is the subspace orthogonal to W.

Consider the family of bases for HA ⊗HB that is a concatenation of a basis for W and a basis
for W⊥. Let B be an arbitrary basis from this family. The basis vectors for W can be written as

|ψj〉 =

d−1∑
i=0

αji |ii〉 . (2.4)

Note that |φ〉 ∈ W, so the choice of basis for W⊥ will not affect the post-measurement state.
Performing a measurement on |φ〉, the post-measurement state is

PBφ =

d−1∑
j=0

| 〈φ|ψj〉 |2 |ψj〉 〈ψj |

=
∑
j,i,i′

∑
k,k′

√
piαji

√
pi′α

∗
ji′αjkα

∗
jk′ |kk〉 〈k′k′| .

Note that the post-measurement state PBφ is of the form σ =
∑
ij aij |ii〉 〈jj|, i.e. maximally

correlated [Rai99, VSPM01]. For a maximally correlated state σ, negativity is given by the simple

10



formula [KKS07]

N(σ) =
∑
i<j

|aij |.

Thus we can bound the negativity of PBφ as

N(PBφ) =
∑
k<k′

∣∣∣∣∣∣
∑
j,i,i′

√
piαji

√
pi′α

∗
ji′αjkα

∗
jk′

∣∣∣∣∣∣
≥

∣∣∣∣∣∣
∑
k<k′

∑
j,i,i′

√
piαji

√
pi′α

∗
ji′αjkα

∗
jk′

∣∣∣∣∣∣ . (2.5)

Define the following matrices

(m)ii′ =
∑
k<k′

∑
j

αjiα
∗
ji′αjkα

∗
jk′ ,

(q)i =
√
pi,

where m characterizes the measurement basis, and q characterizes the input state. We can write
eq. (2.5) simply as

N(PBφ) ≥ |〈q,mq〉|.

As an example, let us study this representation for two qubits and what we can say about an
upper bound on entanglement gain. Let |φ〉 be a pure two-qubit state

|φ〉 = a |00〉+
√

1− a2 |11〉 ,

where a ∈
[
0, 1√

2

]
without loss of generality. We choose the measurement basis

|ψ0〉 = b |00〉+
√

1− b2 |11〉 , (2.6)

|ψ1〉 =
√

1− b2 |00〉 − b |11〉 , (2.7)

where b ∈ [0, 1]. The other basis elements can be chosen arbitrarily since they are orthogonal to
|φ〉. Using the previously introduced notation, we have

q =

(
a√

1− a2

)
,

m =

(
b
√

1− b2(2b2 − 1) 2b2(1− b2)

2b2(1− b2) −b
√

1− b2(2b2 − 1)

)
.

Both |ψ0〉 and |ψ1〉 are characterized by a single parameter b, and they have the same Schmidt
coefficient. Therefore, they must have the same negativity. Let us denote Nb = b

√
1− b2 the

negativity of the basis. Notice that for two qubits, the outer sum in eq. (2.5) only has a single term,

11



Figure 2.1: The negativity of the post-measurement state N(PBφ) computed from eq. (2.8).
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and thus the inequality becomes an equality. The negativity of the post-measurement state PBφ,
expressed in terms of N(φ) and Nb is

N(PBφ) = Nb
√

1− 4N(φ)2

√
1− 4N2

b + 4N(φ)N2
b . (2.8)

Differentiating eq. (2.8) w.r.t Nb and setting it to zero, we obtain the maximum value of N(PBφ)

Nmax = 1
2

(
N(φ) + 1

2

)
. (2.9)

Noting that the maximum negativity of a two qubit state is 1
2 , we find that the gain in negativity

is at most 1
2

(
1
2 −N(φ)

)
.

This implies that the input state that gain the most negativity is a product state |φ〉 = |00〉 (see
Figure 2.1). The optimal measurement basis B is

|ψ0〉 =
1√

4 + 2
√

2

((√
2 + 1

)
|00〉+ |11〉

)
,

|ψ1〉 =
1√

4− 2
√

2

((√
2− 1

)
|00〉 − |11〉

)
,

|ψ1〉 = |01〉 ,
|ψ3〉 = |10〉 ,

with negativity increasing from N(φ) = 0 to N(PBφ) = 1
4 .

Of course, we have only shown that this is the optimum gain in negativity for this family of
measurement bases. We could not obtain a proof that this is the optimal choice of basis, even for
two qubits. However, a numerical study supports our conclusion. Fig. 2.2 presents the results of
one million samples of pure state φ and measurement basis B, sampled independently and uniformly
from the Haar measure.
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Figure 2.2: Negativity of φ and PBφ. Each point corresponds to a state φ and a measurement
basis B sampled independently and uniformly according to the Haar measure. The upper boundary
is given by eq. (2.9).
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Chapter 3

Decoherence

We have shown that a global, non-selective measurement can increase entanglement in a bipartite
system. In this chapter, we ask if such a map can be realized in Markovian dynamics. We also
argue why an entanglement gain is unlikely to be observed in macroscopic systems.

3.1 Markovian dynamics

As a simple example, note that the equation

ρt = e−λtρ+
(
1− e−λt

)∑
j

ΠjρΠj ,

with λ > 0 defines a Markovian evolution. To see this, we observe that

dρt
dt

= −λ

ρ−∑
j

ΠjρΠj

 ,

which has the Lindblad form

dρ

dt
= − i

~
[H, ρ] +

d2−1∑
j=0

(
LjρL

†
j − 1

2{L
†
jLj , ρ}

)
with no Hamiltonian and Lindblad operators Lj =

√
λΠj . It is easy to see that asymptotically, the

evolution approaches a projection limt→∞ ρt = P{Πj}ρ. Therefore it is possible to have a Markovian
dynamics that approaches a projective map asymptotically.

To illustrate how a more realistic dynamics can lead to a projective measurement, let us take
concrete example within the Araki-Żurek model [Ara80, Zur82]. A Markovian map Et : B(H) →
B(H) describes the evolution of an open system. Recall that Markovianity means Es+t = Es ◦ Et.
We also require that E0 = 11, and the map to be norm-continuous. There exists a Markovian map
that implements a non-selective measurement in the limit [BO03]. With a simple modification,
there also exists a Markovian map that implements a non-selective measurement in the limit, and
increases the negativity of some state.
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Consider a system of two qubits, coupled to an environment represented by a free particle moving
on a line. Suppose initially the system is in a product state ρ = ρS ⊗ ωE , where ρS = |00〉 〈00| and
the initial state of the environment is ωE = |φE〉 〈φE |, where

φE(x) =
1√
2π

∫
eipx√

π(1 + p2)
dp.

φE is chosen as a Cauchy distribution in momentum space to ensure that the evolution is Markovian
[BO03]. We choose the Hamiltonian of the form

HSE = HS ⊗ 11E + 11S ⊗HE +A⊗B,

where HS = σz ⊗ 11 + 11 ⊗ σz is the Hamiltonian of the system, HE = p̂2 is the Hamiltonian of
the environment, and p̂ is the momentum operator of the environment. We encode the choice of
the measurement basis in the interaction term A⊗B. We would like the reduced dynamics on the
system to go to a projection onto the basis defined in eq. (2.7). We choose B = p̂. The operator
A determines the projectors, therefore, we choose A =

∑
j λj |ψj〉 〈ψj | with non-degenerate λj to

make all the projectors rank one.
This choice of initial state and dynamics implies the evolution of the system is given by (eq. (7)

in [BO03])

ρt =

3∑
m,n=0

e−|λm−λn|tei(γn−γm)t 〈ψn| ρ0 |ψm〉 |ψn〉 〈ψm| ,

where γ0 = γ1 = 0 and γ2 = −γ3 = 2. Simplifying, we get

ρt = b2 |ψ0〉 〈ψ0|+ (1− b2) |ψ1〉 〈ψ1|+ e−|µ|tb
√

1− b2 (|ψ0〉 〈ψ1|+ |ψ1〉 〈ψ0|) ,

where µ = λ1 − λ2 6= 0. The negativity of ρt is

N(ρt) = b
√

1− b2|2b2 − 1|
(

1− e−|µ|t
)
.

It is easy to see that ρt → PBρ in the limit t → ∞ in trace norm. Note also that the convergence
is exponentially fast, scaling as e−|µ|t.

It might be interesting to have a Markovian dynamics that implements a non-selective measure-
ment at a finite time. However, such an evolution cannot exists, at least on a finite-dimensional
system.

Theorem 6. Let Π be a projection map with rank one projectors {Πj}. There are no Et : Mn →Mn

Markovian map, with E0 = 11, such that Eτ = Π for some τ <∞.

Proof. By contradiction. Suppose there is a finite τ such that Eτ = Π. Let Π′ = 11−Π, where 11 is
the identity map. Let E ′t = Π′ ◦ Et, and note that E ′τ = 0.

We will show that E ′t = 0 for all t < τ , thus Et = E ′t + Π ◦ Et is a projector for all t < τ .
The Markovianity of Et and Eτ = Π implies Et ◦ Π = Π ◦ Et, which in turn implies that E ′t is also
Markovian. Since E ′t is a linear transformation, it can be represented as an n2 × n2 matrix. Let us
fix an integer m and study the matrix representation A of the map E ′τ/m. Because E ′t is Markovian
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and E ′τ = 0, we conclude that Am = 0. This implies all the eigenvalues of A are zero and it has a
simple Jordan normal form

A = S


0 1

0 1
. . .

0

S−1,

with S an invertible matrix. Since matrix A is a n2 × n2 matrix, there exists an integer p for
which Ap = 0, because multiplying A by itself shifts the 1s further from the diagonal. We therefore
have E ′p

m τ = 0. Since p < n2 independent of m, we have Eqτ for any rational number q. Using

the Markovianity of E ′t, we can extend this to all strictly positive real numbers. Therefore we have
shown that Et = Π for all 0 < t < τ . Since the map t → Et is continuous, this implies E0 = Π,
which contradicts the assumption E0 = 11.

3.2 Randomness and spontaneous gain

When we prepare a composite system in a product state ρ = ρA⊗ ρB and let it decohere, generally
we do not observe spontaneous entanglement gain. However, theorem 4 suggests that for a random
interaction, we must have some entanglement gain for some pure state. Note that the set of
measurement basis can be identified with the set of unitaries. The set of unitaries can in turn be
given a measure invariant under multiplication, turning it into a probability space. Theorem 4
shows that the set of basis that exhibits entanglement gain is full measure. Therefore if we pick a
random measurement basis, we will be able to find a pure state whose entanglement will increase
after measurement.

We explain this by performing a numerical study with a random pure initial states and a random
measurement basis. We found numerically that the probability of negativity gain in this scenario
is very small for a system of two qubits (≈ 1.6%). For higher dimensional systems, the probability
is even smaller (< 10−6).

Roughly, as the dimension of the system increases, the average negativity of a random pure
state increases, whereas the average negativity of the post-measurement state increases at a much
slower rate (see Figure 3.1). The increase of average negativity of a random pure state has been
noted in [Dat10], where it was shown that asymptotically, the average negativity of a random pure
state goes to a constant fraction of the maximum negativity. First, we notice that the distribution
of negativity in the post-measurement state is almost independent of the input state. We estimate
the independence as follows. We generate pure states |φ〉 uniformly from the Haar measure. Then
for each pure state, we generate measurement basis B independently and uniformly from the Haar
measure.

Let µd×d be the Haar measure over the measurement basis, and νd×d the Haar measure over
pure states of dimension d× d. Let f(x, φ) be the pdf of negativity of the post-measurement state,
given the input state is φ

f(x, φ) =

∫
δ(N(PBφ)− x) dµd×d(B).
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Figure 3.1: Distribution of negativity between two d-level systems. The distributions of post-
measurement negativity are shown in blue, whereas the distributions of negativity of random pure
states are shown in green. The distribution of negativity of random pure states are estimated by
sampling 107 states. The distribution of post-measurement negativity is estimated by sampling 104

measurement basis and 103 pure input states.
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d Sd
2 0.063
3 0.054
4 0.045

Table 3.1: Average statistical distance eq. (3.1) obtained by sampling 103 input states, 104 mea-
surement basis per state. It shows that the distribution of negativity in the post-measurement state
is almost independent of the input state.

Let g(x) be the pdf of negativity when we average over all input states φ

g(x) =

∫
f(x, φ) dνd×d(φ).

We can quantify the independence of f on φ by averaging the total variation/L1 distance [NC09,
Tsy09] between the two

Sd =

∫ ∫
1
2 |f(x, φ)− g(x)| dx dνd×d(φ). (3.1)

Table 3.1 shows numerical estimations of Sd for different dimensions. Recall that total variation
distance is zero if and only if the measures differ only on measure zero set, and one if they are
orthogonal. Since we observe very small Sd, we conclude that for almost any φ (except a measure
zero set), f(x, φ) is close to its average g(x). We conclude the distribution of negativity in the
post-measurement is independent of the input state.

For two qubit systems, we can derive the distribution of negativity of pure states analytically.
The distribution of Schmidt coefficients pi in a two qubits pure state sampled randomly from the
Haar measure is [LP88, Dat10]

Pr(p0, p1) = 3 (p0 − p1)
2
δ(1− p0 − p1). (3.2)

Combining the definition of negativity and eq. (3.2), we obtain

Pr(N(ψ) = x) = 12x
√

1− 4x2.

For higher dimensional systems, we can simply sample random pure states and compute their
negativities.

Figure 3.1 shows the distribution of negativity in the post-measurement state, along with the
distribution of negativity in random pure states. Observe that the probability of negativity gain
goes to zero as the dimensions of the system increase.
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Chapter 4

Conclusion

Let us review the results. In chapter 2, we constructed a projection onto a maximally entangled
basis that can be implemented by LOCC. We also showed that for two qubit systems, projections in
any maximally entangled basis has an LOCC implementation. Thus projections along maximally
entangled basis are not useful for entanglement creation. We characterized various conditions for
entanglement gain in a measurement with unknown outcome. When possible, we gave a state or
basis to observe this gain. We showed that while it is almost always possible to find a measurement
basis to increase the entanglement of any pure state, for some mixed states it is impossible. We
gave partial results on the optimal state/basis pair.

In chapter 3 we studied Markovian dynamics that leads to projections. While it is easy to find
a dynamical process that implements a projection in the limit, we showed that it is impossible to
have it at a finite time. We also gave numerical evidence explaining the absence of spontaneous
entanglement gain due to decoherence in macroscopic systems.

The largest problem left open in this thesis is optimality, that is, how much entanglement can
one generate in this fashion? While analysis for a certain family and numerical studies shows that
the highest negativity increase is halfway to maximum, we could not prove this analytically. We
can also study iterations of this process and derive the ultimate limits of this technique. We suspect
that we cannot generate maximally entangled states even in the limit of infinitely many iterations,
because in each iteration we can only increase the entropy of the system. This in turn means that
the state moves closer to the maximally mixed state. Because there is a ball of absolutely separable
state around the maximally mixed state, this suggests the optimal number of iterations is finite. It
is unclear if this would perform any better than a single iteration.

It would also be interesting to experimentally observe this kind of gain in entanglement. This
will demonstrate yet another pathway to create entanglement.
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